A novel single sheet tester design is proposed and a directly coupled magneto-mechanical model is used to numerically analyze the behavior of iron sheets under biaxial magneto-mechanical loading applied by the tester device. magneto-mechanically coupled constitutive equations of the material derived using an energy-based approach are integrated into a finite element model of the single sheet tester device, and simulations are performed to solve for the displacement field and the magnetic vector potential in the sample. The obtained numerical results of magnetostriction evolution due to uniaxial stress and stress-induced anisotropies due to permeability variation under different magneto-mechanical loadings are presented. The simulation results are compared with the results published in the literature for the purpose of validation.
I. INTRODUCTION
M AGNETOSTRICTION (MS) is a phenomenon in ferromagnetic materials, which causes strain in the presence of magnetic fields. This effect is known to be a source of acoustic noise in electrical machines [1] , [2] . Another phenomenon called inverse magnetostriction (IM) causes permeability variation in the ferromagnetic materials when subjected to stress. Due to IM, the performance of electromagnetic devices is affected [3] , [4] .
In most electromagnetic applications, devices are subjected to multiaxial stresses. These stresses can be caused due to manufacturing processes and/or during their operation. The orientation of stress in the materials with respect to the magnetic field may also vary. This multiaxiality of magneto-mechanical loadings points out the need for the characterization of the ferromagnetic materials under complex magneto-mechanical loadings. Several studies were performed in order to measure the effects of the biaxial magnetomechanical loadings on the ferromagnetic materials [5] - [7] . However, these test setups do not provide control for obtaining an arbitrary in-plane stress tensor in the test material as it occurs in the operation of, for instance, rotational electrical machines [5] . On the other hand, some research has been done on modeling of the coupled multiaxial magneto-mechanical behavior [8] - [10] . Some measurements are often made to obtain necessary material data during modeling process as in [8] and [9] . A different approach is taken in [10] by defining a local free energy in domain scale and obtaining macroscopic magneto-elastic behavior by homogenization of local behavior.
In this paper, a novel single sheet tester device design is proposed and a coupled magneto-mechanical model of the tester device is developed using an energy-based directly coupled model for magneto-elastic deformation. The implementation of the model to the finite element method (FEM) of the device is performed in order to numerically analyze the coupled magneto-mechanical properties of the studied material and the applicability of the device for the multiaxial magneto-mechanical measurements of the electrical sheets. Obtained magneto-mechanical behavior of the studied material that is consistent with the experimental measurements and the modeling results from the literature is presented.
II. METHOD
Based on [11] and [12] , constitutive equations for coupling the magnetic and elastic properties of the material are derived from a Helmholtz free energy density ψ. In the case of a magneto-elastic material, this energy is a function of magnetic flux density B and strain tensor ε, and can be expressed using the following five invariants as ψ(I 1 , I 2 , I 4 , I 5 , I 6 ):
Because linear elasticity is assumed, ψ does not depend on the third invariant I 3 , which is not given in (1). The first two invariants describe the elastic behavior of the material. The fourth invariant is chosen to describe the single-valued magnetization behavior, whereas the fifth and sixth invariants determine the MS response. Since the permeability variation is independent of hydrostatic pressure, in the fifth and sixth invariants, the deviatoric part of the strainε is used. The Helmholtz free energy density function ψ given in [11] is modified slightly and written as where the function
is derived so as to obtain isochoric MS under purely magnetic loading [11] . ν 0 is the reluctivity of free space, α i , β i , and γ i are fitting parameters, and λ and G are the Lamé parameters. In (2), first two terms account for purely mechanical behavior, and the last three terms account for the magneto-mechanical coupling. The summation term in the middle accounts for nonlinear H(B, ε) relationship. In this paper, ν 0 /8 term is removed from g i to have better convergence in numerical analysis under multiaxial loadings. This causes deviation from isochoric MS with a magnitude of approximately 1.2 μm/m under 1 T B, and it has to be noted as a limitation of this model. Using the Helmholtz free energy density and the chain rule of derivative, the constitutive equations for the magneto-elastic stress tensor σ me and the magnetic field strength vector H can be expressed as
where ρ is the mass density. The magnetization vector M depends on B as M = ν 0 B-H. The magneto-elastic stress tensor σ me consists of elastic stress and MS-related stress tensors. Total electromagnetic forces acting on the iron is known as Maxwell stress tensor σ mag and is given by
where I is the identity tensor [13] . The total stress tensor σ is expressed as the sum of σ mag and σ me as
Using the balance equations for magneto-elastic solids while taking into account external mechanical forces f mec and assuming that there are no current sources in iron, we obtain
In order to solve the coupled problem using FEM for displacements u and the nodal values of the magnetic vector potential A, the Galerkin weighted residual weak form is applied to (7) and (8) . Afterward, discretization is applied using the nodal basis functions for u and A. The obtained non-linear system can be solved by Newton-Raphson method iteratively. The detailed implementation of the model to the FEM can be found in [11] and [12] . The strain and the magnetic flux density are then obtained as 
III. IDENTIFICATION OF MODEL
Fifteen parameters that are given in Table I are needed to model the properties of the studied material, 0.5 mm non-oriented Si-Fe sheets, and they were determined using the experimental data obtained from a custom-built uniaxial single sheet tester [14] . In the experiment process, the material was loaded with different stresses varying from 50 MPa compression (−) to 80 MPa tension (+) parallel to the flux density, and magnetization curves were measured. Afterward, initial fitting of the single-valued model parameters to the H-averaged measured magnetization loops was realized at various stress values, as shown in Fig. 1 .
Magnetic materials show reduced permeability under compression and high tension. This behavior of magnetic materials is modeled successfully using the model. Besides, increased permeability is observed under low tensile stress as reported in [14] .
IV. APPLICATIONS AND RESULTS

A. Novel Biaxial Single Sheet Tester Design
The presented model is implemented in a FEM model of a novel biaxial single sheet tester device to numerically analyze the effect of more complex stress states on the magnetic properties of the studied material. Fig. 2(a) shows the design of the tester device. Setup is designed so as to analyze the magneto-mechanical properties of the studied material by obtaining arbitrary flux density and in-plane stress tensor in the central area C 0 of the sample. This will be done by magnetizing the sample by six coils that are placed around the magnetizing yoke and applying suitable mechanical loadings to the six arms of the sample in pairs L 0°, L 60°, and L 120°. Excitation voltage of the coils can be controlled using the procedure explained in [15] . The homogeneity of the magnetic field and the stress in the central region are tested under purely magnetic and mechanical loading, numerically using the FEM model of the device. Maximum variations in the magnetic field and the stress in 400 mm 2 area in the central region are found to be 7% and 15%, respectively. Magnetic flux density and y-component of the stress tensor distribution in the central region are shown in Fig. 2(b) for a single simulation.
In order to have desired in-plane stress tensor at the point C 0 , the required mechanical loadings for each arm pair can be calculated by constructing a linear set of equations, since a linear elastic material is assumed. The procedure is as follows.
1) A reference mechanical pressure p ref is applied only to the L 0 arm pair of the non-magnetized sample, and a finite element (FE) simulation is performed to obtain a reference in-plane stress tensor as
2) A coordinate transformation is applied using the coordinate transformation matrix Q θ for angles 60°and 120°t o get reference stress tensors for arms L 60°a nd L 120°i n the central point C 0 as
3) Let us define the required unknown loadings to be applied to the arms L 0°, L 60°, and L 120°t o obtain the desired in-plane stress tensor σ in the point C 0 as p 0°, p 60°, and p 120°, respectively. Since linear elasticity is assumed, a linear relation between p 0°, p 60°, p 120°, and p ref can be used to set the following equation: Equation (14) can be written in a more clear form as ⎡
Solution of this system for p 0°, p 60°, and p 120°y ields the required loading values that need to be applied to the arm pairs L 0°, L 60°, and L 120°i n order to have an arbitrary in-plane stress tensor σ in the central point C 0 . The presented procedure is sensitive to the meshing of the device geometry when performing the FE simulation in the first step. The arm pairs and the corresponding region in the central area should have symmetrical meshes with respect to each other.
B. Effect of Various Stress States on Magnetic Properties
Using the mentioned procedure, any in-plane stress state can be obtained in the point C 0 . The studied stress tensors in this work are
where σ uni , σ equ , and σ shear are uniaxial, equibiaxial, and pure shear stress states, respectively. First, several static FE simulations are performed, where the sample is magnetized along the y-axis and suitable mechanical loadings are applied to the arms of the sample to obtain a uniaxial stress distribution σ uni in the point C 0 at different magnitudes. Maxwell's stress tensor (5) is not considered in the surrounding air domain. The MS response parallel to the magnetization direction under uniaxial stress is shown in Fig. 3(a) . Compression increases the MS, whereas tensile stress tends to decrease it [10] , [12] , [16] . In order to see the effect of more complex stress states, FE simulations are performed under mechanical loadings that are given in (16) and rotational B. To obtain a circular B with a magnitude of 1 T in the center point, controlled vector potential boundary conditions are imposed to the arms of the sample. Fig. 4(a) shows the rate of change of the flux in one arm, which corresponds to the electromotive force in the coils under different stress states and levels. This result shows the need of consideration for the effect of stresses on the excitation voltage waveform control in practice. Fig. 4(b)-(d) gives the locus of H under the aforementioned B in the center point C 0 of the sample and under zero stress, uniaxial, equibiaxial, and pure shear stress states, respectively. Since isotropic material is assumed, the locus of H is circular under zero stress. Stressinduced anisotropy is clearly seen under external mechanical loading. For instance, considering a 20 MPa uniaxial tensile stress, the major principal plane direction of the applied stress becomes an easy direction, whereas the minor principal plane direction becomes a hard direction for magnetization. Opposite effect is seen in uniaxial compressive stress, since it deteriorates the permeability on the major plane direction. Considering the applied stress magnitudes, another important point is that the least effect on permeability is caused by the equibiaxial stress. On the other hand, pure shear stress state induces highest anisotropy in the material. Even though different materials are studied, the modeled behavior under various mechanical loadings, including biaxial ones and rotational magnetization, is in agreement with the experimental measurements from [6] and the modeling results from [3] .
V. CONCLUSION
A novel single sheet tester device design is proposed, and a strongly coupled magneto-mechanical model that is identified only from the stress dependent anhysteretic B-H curves was implemented in the FEM model of the tester device. The magneto-mechanical behavior of the device and the effect of multiaxial stress on the magnetic behavior of the iron sheets are analyzed using the model. It was shown that with the tester device, it is possible to obtain uniform field distribution and any desired in-plane stress tensor in the center point of the sample sheet by applying suitable mechanical loadings.
This allows comprehensive magneto-mechanical analysis of the studied material. Several stress states, including multiaxial ones, were applied to the device that was magnetized by the rotational magnetic field. Results are promising and consistent with the experimental and modeling results from literature.
